Abstract-The well-conditioned asymptotic waveform evaluation (WCAWE) is applied to the MoM solution of scattering from microstrip antennas so that the reduced order model is obtained to efficiently evaluate the frequency response over a broadband in this paper. In the traditional asymptotic waveform evaluation (AWE) method, the ill conditioning usually leads to stagnation in the momentmatching process. The WCAWE eliminates this difficult. At the same time, to cover the entire bandwidth, a multipoint automatic WCAWE method is also proposed. Numerical examples are given to illustrate the accuracy and robustness of this method.
INTRODUCTION
To obtain frequency responses over a band of interest, we have to repeat the calculation at each discrete frequency. This can be computationally intensive for electromagnetic devices with complicated frequency responses. The asymptotic waveform evaluation (AWE) [1] has been proposed to efficiently solve this problem. AWE was originally developed in the circuit community, and then extended for electromagnetic analysis [2, 3] . It is known that the conventional AWE has the problem of instability in the computation of the Pade approximation due to the ill-conditioned moment-matching process [4] . Hence Well-Conditioned asymptotic waveform evaluation (WCAWE) [3] was proposed to perform a fast frequency sweep, and provided good results with the finite element method (FEM). In this paper, we extend WCAWE to handle scattering from microstrip antennas with the method of moments (MoM). As to the authors knowledge, until now no one has successfully applied the conventional AWE to the MoM solution of scattering from microstrip antennas. There are two reasons for this. The first one is that for scattering from microstrip antennas, the derivative of the excitation vector can not be obtained directly. The other one is that the conventional AWE is illconditioned and is invalid for microstrip structures. In the following, the derivative of the excitation vector is given firstly. Then the WCAWE is applied to the MoM solution of scattering from microstrip antennas so that the reduced order model is obtained to efficiently evaluate the frequency response over a broadband. On the other hand, in many practical problems with broadband response, one expansion point is not sufficient to cover the entire bandwidth. In such cases, multiple expansion points are necessary. Here, a simple binary search algorithm, as described in [2] , is employed to automatically choose the expansion points. The resulting algorithm reduces the computational cost. Several typical examples demonstrate the efficiency and accuracy of the proposed technique.
THE MIXED POTENTIAL INTEGRAL EQUATION
The mixed potential integral equation formulation is chosen in the present analysis because it provides a less singular kernel as compared with the electric field integral equation (EFIE) method. Suppose the microstrip patch is illuminated by a plane wave E i , enforcing the boundary condition that the tangential electric field on the perfectly conducting surface should be zero, we obtain [5] 
Where
in which J( r ) is the unknown currents on the patch surface. G A and G q denote the dyadic and scalar Green's functions for the vector and scalar potentials in the spatial domain respectively. Using the discrete complex image method (DCIM) [6] , we can get
where
are the complex coefficients obtained from the DCIM. For the solution of the mixed potential integral Equation (1), the method of moments with triangular discretization and RWG basis functions are used. The Galerkin's method is employed to yield the following matrix equation
in which the impedance matrix Z has the elements given by
Where f i and f j represent the testing and basis functions, and T i and T j denote their supports respectively [7] . The elements of V can be computed by
where the incident field is
Suppose the substrate has the thickness d and the relative permittivity ε r , we get
where h = T E or h = T M and
in which θ i denotes the angle between the incident wave and z-axis,
denotes the angle between the transmission wave and z-axis.
THE WELL-CONDITIONED ASYMPTOTIC WAVEFORM EVALUATION
To obtain the frequency responses over a band of interest, we have to repeat the calculation at each discrete frequency. This will be very time consuming for the electromagnetic devices with complicated frequency responses. To alleviate this problem, asymptotic waveform evaluation [1] has been proposed. To apply the AWE technique into the method of moments, select an expansion point k 0 and write the Taylor series for (1) about this point [3] 
where σ = k−k 0 and a 1 and a 2 are chosen large enough so no significant higher order Z (n) and V (m) term is truncated. Z (n) is the nth derivative with respect to k, of Z given in Equation (5) and evaluated at k 0 . Utilizing close-form Green's functions, we can obtain [8]
where the permutation function
is the mth derivative with respect to k, of V given in Equation (6) . As to the authors' knowledge, until now no one has successfully applied the conventional AWE to the MoM solution of scattering from microstrip antennas. One reason is that for scattering from microstrip antennas, the derivative of the excitation vector can not be obtained directly. However, from (8) we can see clearly that R h 0 is independent of k, so we can obtain V (m) easily. Then using (6), we can obtain
and
Similarly, we can compute ( E r ) (n) (n > 1) and further get V (m) . Then the Asymptotic Waveform Evaluation can be applied to the MoM solution of scattering from microstrip antennas so that the reduced order model is obtained to efficiently evaluate the frequency response over a broadband. The moment-matching AWE subspace for (9) is
However, it is known that this traditional AWE has the problem of instability in the computation of the Pade approximation due to the ill-conditioned moment-matching process [4] . Hence the WellConditioned asymptotic waveform evaluation [3] was proposed and shows better results with FEM. In this paper, we extend WCAWE to handle scattering from microstrip antennas With MoM. The momentmatching WCAWE subspace for (9) is V q ∈ C N ×q where
.v q and v q are related by an q × q upper-triangular, nonsingular matrix U (which can be, but does not have to, chosen as the coefficients in a modified Gram-Schmidt process to orthonormalize V q ) by the equation.
where e r is the vector with all entries equal to zero except the r th entry which is equal to one. Furthermore, the correction terms are [3]
where w = 1 or 2, and the order of the product is
2 . The proof that the vectors in (16) match moments can be found in [3] . The WCAWE algorithm is given in the Appendix A.
In many practical problems with broadband response, one expansion point is not sufficient to cover the entire bandwidth. In such cases, multiple expansion points are necessary. Here, a simple binary search algorithm, as described in [2] , is employed to automatically choose the expansion points. In this paper, the first two expansion points are located closer to the region's endpoints. Then multipoint WCAWE (MWCAWE) can be automated using this search algorithm.
NUMERAL RESULTS
To illustrate the validity and accuracy of the method described above, we present three numerical examples. As the first example, we consider We choose only one expansion point f 0 = 11.0 GHz and consider two cases: a 1 = a 2 = 1, q = 3 and a 1 = a 2 = 3, q = 6. Figure 1 shows the radar cross section (RCS) versus frequency. Three conclusions can be drawn clearly: 1) Using higher order Pade approximation, the AWE and WCAWE solutions agree better with the MoM calculation; 2) the WCAWE result is better than the AWE result, which shows that this novel WCAWE technique is more accurate and robust. 3) the lower order WCAWE gives almost same accurate bandwidth, though the response over the entire bandwidth is worse than the higher order WCAWE does. Hence, to obtain more accuracy results, we can use multipoints lower order WCAWE to cover the entire bandwidth, which also can reduce the computer storage requirement. The process can be automated using a simple binary search algorithm, as described in [2] . For this example, we choose a 1 = a 2 = 1, q = 3. Only three expansion points are needed. As shown in Figure 2 , the multipoint WCAWE solutions agree well with the MoM calculation and the measured data [9] . The CPU time using WCAWE and MWCAWE is compared with the direct method of moments calculation to demonstrate their efficiency, as shown in Table 1 . It can be seen that the method with MWCAWE is approximately 14.2 times faster than the direct method of moments calculation. It also can be seen that Rao-Wilton-Glisson (RWG) basis function displays a good flexibility to model arbitrarily shape structures. We next consider the scattering from a rectangular patch microstrip antenna with the length of 36.6 mm and the width of 26 mm. The number of unknowns is 772. The substrate parameters are h = 1.58 mm. ε r = 2.17. The patch is illuminated by an θ-polarized incident plane wave traveling along the direction of θ i = 60 • and ϕ i = 45 • .
We choose only one expansion point f 0 = 6.0 GHz and consider two cases: a 1 = a 2 = 1, q = 3 and a 1 = a 2 = 5, q = 10. Figure 3 shows RCS versus frequency. The same conclusions as in the first example can be obtained. Figure 4 shows the result of multipoint lower order WCAWE with a 1 = a 2 = 1 and q = 3. Only eight expansion frequencies are chosen automatically by the binary search. As shown in Figure 4 , the multipoint WCAWE solutions agree well with the direct MoM calculation and measured data [9] . Table 1 shows the CPU time of the WCAWE, MWCAWE and the direct MoM calculation. It can be seen that the method with MWCAWE is approximately 7.8 times faster than the direct MoM calculation. At last, we consider the scattering from a 3 × 3 rectangular patch microstrip antenna array. The geometry can be obtained from [10] . The number of unknowns is 1737. The substrate parameters are h = 1.58 mm. ε r = 2.17. The array is illuminated by an θ-polarized incident plane wave traveling along the direction of θ i = 0 • and ϕ i = 45 • .
We choose only one expansion point f 0 = 3.0 GHz and consider two cases: a 1 = a 2 = 1, q = 3 and a 1 = a 2 = 3, q = 6. RCS is shown in Figure 5 . It can be seen that the WCAWE result agrees better with the direct MoM calculation and the computed data from [10] than the conventional AWE does. For this example, WCAWE with the higher order Pade approximation provides a very good result comparing with the direct calculation. To reduce the computer storage requirement, we also choose a 1 = a 2 = 1 and q = 3 and use multipoint WCAWE method. Only three expansion frequencies are chosen automatically by the binary search. The CPU time using WCAWE and MWCAWE is compared with the direct MoM calculation to demonstrate the efficiency, as shown in Table 1 . RCS versus frequency for a 3 × 3 rectangular patch array using MWCAWE and MoM.
CONCLUSIONS
In this paper, the well-conditioned AWE is applied to the MoM solution of scattering from microstrip antenna arrays so that the reduced order model is obtained to efficiently evaluate the frequency response over a broadband. Using the higher order Pade approximation, WCAWE provides better estimation of RCS versus frequency than the conventional AWE. If more accurate responses are required, multipoint WCAWE with the lower order Pade approximation can be used, which also can greatly reduce the computer storage requirement. The scattering from several microstrip antennas is analyzed to demonstrate the efficiency of this technique. v n =v n − U (α, n)v α end for U (n, n) = v n v n =v n U (n, n) −1 end for for any desired f in the range f min < f < f max do
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